ALMOST DIFFERENCE SEQUENCES OF FUZZY NUMBERS
Introduction
Zadeh [41] introduced the notion of fuzzy sets. The theory of fuzzy sets is used almost all sciences such as mathematical and physical sciences, social and management sciences, information sciences including computer sciences, biological sciences, medicine and engineering.
The concept of sequences of fuzzy numbers was introduced by Matloka [26] . Matloka [26] introduced bounded and convergent sequences of fuzzy numbers and showed that every convergent sequence of fuzzy numbers is bounded. Later on, Nanda [36] showed that the set of bounded and convergent sequences of fuzzy numbers forms complete metric space. Subrahmanyam [36] de…ned Cesàro summability for fuzzy numbers and he examined a few Tauberian theorems generalizing the classical results to fuzzy real numbers. For some further works in this direction we refer ( Çanak ([11] , [12] [13] [14] ), Önder et al. [29] , Sezer and Çanak [34] ) . Recently, Nuray and Savaş [28] introduced statistical convergence of sequence of fuzzy numbers. Kwon [22] introduced strongly p -Cesàro summability of sequence of fuzzy numbers. He examined the relationship between strongly p -Cesàro summability and statistical convergence of sequence of fuzzy numbers. Subsequently, many authors enriched the sequences of fuzzy numbers (see [1] , [4] , [5] , [7] , [9] , [15] , [20] , [37] , [38] , [39] , [40] ).
The concept of statistical convergence of number sequences was introduced by Steinhaus [35] and Fast [18] later reintroduced by Schoenberg [33] independently for real and complex sequences. Statistical convergence plays a central role in the theory of Fourier analysis, ergodic theory, approximation theory and number 78 YAVUZ ALTIN theory. Later on it was further investigated from the sequence space point of view and linked with summability theory by Connor [8] , Fridy [19] and many others.
Denoteĉ the set of all almost convergent sequences. Lorentz [24] proved that 
where = ( n ) is a non-decreasing sequence of positive numbers such that n+1 n + 1; 1 = 1; n ! 1 as n ! 1 and
The set of all such sequences will be denoted by .
The notion of -statistical convergence was introduced by Mursaleen [27] as follows:
Let K N and de…ne the density of K by
(K) reduces to the asymptotic density (K) in case of n = n for all n 2 N (see [27] ).
A sequence x = (x k ) is said to be statistically convergent to L if for every " > 0 (see [27] )
The concept of almost -statistical convergence was studied by Savaş [31] . Additionally, Çolak [10] introduced and studied on the sets of statistical convergence and strongly Cesaro summability for sequences of complex numbers. Subsequently, Savaş [32] , Altinok et al [2] extended the idea of statistical convergence and applied in generalized di¤erence sequences of fuzzy numbers.
In this paper, we give some results on generalized fuzzy sequences and some inclusion theorems.
Definitions and Preliminaries
In this section we give the basic notions and some know de…nitions related to fuzzy numbers.
A fuzzy set u on R is called a fuzzy number if it has the following properties: i) u is normal, that is, there exists an x 0 2 R such that u(x 0 ) = 1; ii) u is fuzzy convex, that is, for x; y 2 R and 0
iii) u is upper semicontinuous;
It is clear that u is a fuzzy number if and only if [u] is a closed interval for each
A real number r can be regarded as a fuzzy number r de…ned by
If u 2 L(R), then u is called a fuzzy number, and L(R) is said to be a fuzzy number space. In order to calculate the distance between two fuzzy numbers u and v; we use the metric
where d H is the Hausdor¤ metric de…ned by
It is known that d is a metric on L(R); and (L(R); d) is a complete metric space [16] .
A sequence X = (X k ) of fuzzy numbers is a function X from the set N of all positive integers into L(R): Thus, a sequence of fuzzy numbers (X k ) is a correspondence from the set of positive integers to a set of fuzzy numbers, i.e., to each positive integer k there corresponds a fuzzy number X(k). It is more common to write X k rather than X(k) and to denote the sequence by (X k ) rather than X. The fuzzy number X k is called the k-th term of the sequence.
The sequence X = (X k ) of fuzzy numbers is said to be bounded if there exist fuzzy numbers u and v such that u X k v for each k 2 N and convergent 80 YAVUZ ALTIN to the fuzzy number X 0 , written as lim
Let`1 (F) and c (F) denote the set of all bounded sequences and all convergent sequences of fuzzy numbers, respectively [26] .
Nuray and Savaş [28] de…ned the notion of statistical convergence for sequences of fuzzy numbers:
Let X = (X k ) be a sequence of fuzzy numbers. Then (X k ) is said to be statistically convergent to the fuzzy number X 0 ; if
for every " > 0; where the vertical bars indicate the number of elements in the enclosed set. In this case, we write S lim X k = X 0 or X k s ! X 0 : Kwon [22] de…ned the concept of strong p Cesàro summability for sequences of fuzzy numbers as follows:
Let p be a positive real number. A sequence X = (X k ) of fuzzy numbers is said to be strongly p Cesàro summable to the fuzzy number X 0 ; if there is a fuzzy number X 0 such that
The di¤erence sequence spaces`1 ( ), c ( ) and c 0 ( ), consisting of all real valued sequences x = (x k ) such that 1 x = (x k x k+1 ) in the sequence spaces`1, c and c 0 , were de…ned by K¬zmaz [21] . Başar and Altay [6] have recently introduced the di¤erence sequence space bv p of real sequences whose transforms are in the space`p, where x = (x k x k 1 ) and 1 p 1. The idea of di¤erence sequences was generalized by Et and Çolak [17] .
Let w F be the set of all sequences of fuzzy numbers. The operator m : w F ! w F is de…ned by
The statistically convergence for di¤erence sequences of fuzzy numbers was introduced by Altinok et al. [2] Et et al. [5] de…ned the notion of m almost statistical convergence for sequences of fuzzy numbers: Let = ( n ) 2 . A sequence X = (X k ) of fuzzy numbers is said to be m almost statistically convergent orŜ ( m ; F) convergent to X 0 if for every " > 0 lim
where I n = [n n + 1; n]. In this case we write S ( for k + i + 1 x k + i + 2 x k + i + 3; for k + i + 2 x k + i + 3 0; otherwise 9 = ; ; if n p n + 1 k + i n x 4; for 4 x 5 x + 6; for 5 x 6 0; otherwise 9 = ; := X 0 ; otherwise Then, we calculate level set of this sequence as follows:
For instance, if we take p n = p n; we can write
Hence, we conclude that (X k+i ) is statistically convergent to fuzzy number X 0 ; where
Main Results
In this section, we give some inclusion relations between the setsŜ ( In the following by the statement " for all n 2 N n0 " we mean "for all n 2 N except …nite numbers of positive integers" where N n0 = fn 0 ; n 0 + 1; n 0 + 2; :::g for some n 0 2 N = f1; 2; 3; :::g. 
If n = n then we will write
Theorem 3.2 Let = ( n ) and = ( n ) be two sequences in such that n n for all n n 0 :
Proof (i) Let (1) hold such that n n for all n n 0 and X = (X k ) be a sequence of fuzzy numbers. Then we get I n J n and
for " > 0 and so we obtain 1
for all n n 0 ; where J n = [n n + 1; n] : Now using (1) and taking the limit as n ! 1 in the last inequality we haveŜ ( m ; F) Ŝ ( m ; F).
(ii) Consider the sequence X = (X k ) of fuzzy numbers. Let (X k ) 2 S ( m ; F) and (2) hold. Since I n J n ; we write 1
for " > 0 and for all n n 0 : Since (X k ) 2Ŝ ( m ; F) and lim n n n = 1; the right hand side of the last inequality tends to 0 as n ! 1. It means that (X k ) 2Ŝ ( m ; F) and therefore we haveŜ ( m ; F) Ŝ ( m ; F). Since (2) holds, then the we have equation (1) and henceŜ
If we take = ( n ) = (n) in the statement (ii) of Theorem 3.2, then we have the following result. > 0 ful…lls such that n n for all n n 0 . Then we may write I n J n and obtain 1
Now using (1) and taking limit as n ! 1 in the last inequality, we derive ; and I n J n for all n n 0 ; we may write 1 Theorem 3.6 Let = ( n ) and = ( n ) be two sequences in such that n n for all n n 0 .
(ii) Let X = (X k ) be a m bounded sequence of fuzzy number, and Proof (i) Let us assume that " > 0 and
for every " > 0 and so that 1
for all n n 0 . Then using (1) and taking limit as n ! 1 in the last inequality, we (iii) The proof follows from (i) and (ii).
From the …rst statements of both Theorem 3.2 and Theorem 3.6 we obtain the following result. 
